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In this paper we present equilibrium molecular-dynamics results for the shear, rotational, and spin viscosities
for fluids composed of linear molecules. The density dependence of the shear viscosity follows a stretched
exponential function, whereas the rotational viscosity and the spin viscosities show approximately power-law
dependencies. The frequency-dependent shear and spin viscosities are also studied. It is found that viscoelastic
behavior is first manifested in the shear viscosity and that the real part of the spin viscosities features a
maximum for nonzero frequency. The calculated transport coefficients are used together with the extended
Navier-Stokes equations to investigate the effect of the coupling between the intrinsic angular momentum and
linear momentum for highly confined fluids. Both steady and oscillatory flows are studied. It is shown, for
example, that the fluid flow rate for Poiseuille flow is reduced by up to 10% in a 2 nm channel for a buta-triene
fluid at density 236 kg m−3 and temperature 306 K. The coupling effect may, therefore, become very important
for nanofluidic applications.
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I. INTRODUCTION

It is well known that the internal molecular degrees of
freedom couple to the system’s macroscopic fluid dynamical
quantities such as the streaming velocity �1–3�. A complete
fluid dynamical description should, therefore, at least in prin-
ciple, include these internal degrees of freedom. According
to Evans and Hanley �4� it was Born �5� who first discussed
the coupling between intrinsic angular momentum caused by
the molecular rotation and the fluid’s translational motion.
Grad �6� and later Snider and Lewchuck �3� treated the prob-
lem via irreversible thermodynamics and Curtiss �1� applied
kinetic theory using a rather involved analysis of the Boltz-
mann equation. In this work the balance equations were de-
duced for both the isotropic and anisotropic cases. de Groot
and Mazur �2�, on the other hand, treated the isotropic prob-
lem exclusively also ignoring the effect of intrinsic angular
velocity gradients in the fluid. Finally, Ailawadi et al. �7�
investigated the isotropic problem via statistical mechanics
and were able to derive the fluctuation formulae for the trans-
port coefficients. In the last two decades quite a lot of atten-
tion has been given to identifying and evaluating the relevant
transport coefficients in the anisotropic nematic phase; see,
for example, Refs. �8–11�. Travis et al. �12,13� and Delhom-
melle and Evans �14� used molecular-dynamics simulations
to study diatomic molecular fluids undergoing steady Poi-
seuille flow. They showed that the angular velocity profile

agreed with continuum predictions. Hansen et al. �15,16�
performed the same simulations but for an oscillatory flow
and they concluded that for diatomic fluids, where the angu-
lar velocity gradient could be ignored, the coupling is in fact
negligible due to the very low moment of inertia of the mol-
ecules comprising the fluid. However, for larger molecules
and for very high degrees of confinement the coupling be-
comes important depending on the oscillatory frequency.

In recent years the field of nanofluidics has attracted a lot
of attention due to its many potential applications. For ex-
ample, is it believed that carbon nanotubes with diameters of
the order of nanometers will play an important role in fabri-
cation of membranes for desalination of water �17�. As men-
tioned above, for such confining geometries the fluid dynam-
ics may be affected by the molecular rotation. In fact, for
ferrofluids the rotation plays an essential role in the dynam-
ics of the system; see, e.g., Ref. �18�. To our knowledge no
one has yet performed an investigation of the effect confine-
ment has on isotropic molecular fluids composed of simple
linear molecules. Such investigation should include the cou-
pling between the intrinsic angular momentum and transla-
tional momentum allowing for nonzero angular velocity gra-
dients. One reason for this is perhaps that the dynamical
properties of such system are characterized by four transport
coefficients for incompressible fluids. In this paper we will
use a series of equilibrium molecular-dynamics simulations
to calculate these coefficients for different fluids and state
points. This then enables us to accurately calculate the effect
of the coupling.

The paper is organized as follows: in the next section we
will write down the governing continuum hydrodynamical
equations for the angular momentum and linear momentum.
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In Sec. III we will explain the methodology used to evaluate
the transport coefficients. The results are presented in Sec.
IV and the effect of the coupling is discussed in Sec. V. The
last section is devoted to the conclusion and a few final re-
marks.

II. GOVERNING CONTINUUM EQUATIONS

The extended Navier-Stokes equations for molecular flu-
ids that include the coupling between the molecular internal
angular momentum per unit mass, s, and the streaming ve-
locity, u, are well known. We will not go into details here
with the derivation but refer the reader to Refs. �2,3,19�. The
equations are given here as

�
Du

Dt
= �Fe − �p + ��v + �0/3 − �r� � �� · u� + ��0 + �r��2u

+ 2�r�� � �� , �1�

�
Ds

Dt
= �� + 2�r�� � u − 2�� + ��v + �0/3 − �r� � �� · ��

+ ��0 + �r��2� , �2�

where � is the mass density, Fe and � are the applied exter-
nal force and torque per unit mass, �0, �v, and �r are the
shear, bulk, and rotational viscosities, respectively, �0, �v,
and �r are the corresponding spin viscosities, and � is the
streaming intrinsic angular velocity. We assume that all the
transport coefficients are constant and wave vector indepen-
dent. Now, consider the situation where the fluid is com-
posed of uniaxial rigid molecules. For such molecular fluids
the angular momentum can be written as �12�

s = �� , �3�

where � is 1/3 of the trace of the moment of inertia tensor
per unit mass. If at time t=0 the fluid is perturbed by, say,
ux�y , t=0�=u���y−y0�, where u� is sufficiently small such
that the convection term can be ignored and −�	y	�, the
relaxation is governed by the linearized Navier-Stokes equa-
tions:

�
�ux�y,t�

�t
= ��0 + �r�

�2ux�y,t�
�y2 + 2�r

�
z�y,t�
�y

, �4�

��
�
z�y,t�

�t
= − 2�r� �ux�y,t�

�y
+ 2
z�y,t��

+ ��0 + �r�
�2
z�y,t�

�y2 . �5�

It should be noted that only the transverse component of �
will be excited for small u�. This system can readily be
solved in Fourier space where the equations read

�
� ũx�ky,t�

�t
= − ��0 + �r�ky

2ũx�ky,t� + i2�rky
̃z�ky,t� ,

��
�
̃z�ky,t�

�t
= − 2�r�ikyũx�ky,t� + 2
̃z�ky,t��

− ��0 + �r�ky
2
̃z�ky,t� . �6�

It is possible to turn this into an algebraic equation using a
Laplace transform as well; however, for our purpose we will
simply discuss the solution of Eq. �6�. Equation �6� is simply
a linear differential equation system in which the dynamics is
governed by two eigenvalues that can be found by solving
the equation

�− ��0 + �r�ky
2/� − � 2�riky/�

2�riky/�� − �4�r + ��0 + �r�ky
2�/�� − �

� = 0.

�7�

From this it can be seen that the eigenvalues have a non-
trivial dispersion relation; i.e., �1 and �2 are dependent on ky.
The dispersion relation can be Taylor expanded around ky
=0 giving

�1 = −
4�r

��
− �

n=1

�

a2nky
2n, �2 = − �

n=1

�

a2nky
2n, �8�

where the coefficients al are functions of the transport coef-
ficients and the moment of inertia. From Eq. �8� we see that
there exists a mode which is independent of the wave vector.
This local fast mode is due to the intrinsic molecular angular
momentum relaxation and can also be derived from the re-
laxation of the longitudinal component 
y. Another very in-
teresting point to note is that the dispersion relations also
show the existence of higher wave-vector modes, thus, in the
hydrodynamic regime where ky �1 the relaxation is slower
than a simple diffusive process which is on the order of ky

2

�20�. This is a direct effect of the coupling between the in-
trinsic angular and translational momenta. From the disper-
sion relation we can define an intrinsic relaxation time  �2�
or characteristic frequency �c �16�:

 =
1

�c
=

��

4�r
. �9�

Also, it is possible to define a characteristic length,

lc = � �0 + �r

�r
�1/2

, �10�

which qualitatively indicates on what length scale spin dif-
fusion becomes important relative to the spin relaxation.

As mentioned in Sec. I, de Groot and Mazur did not in-
clude the diffusion term in Eq. �5�. The rate of change of the
angular momentum is then only dependent on the local ex-
change between vorticity and angular momentum. Thus, if
the spin diffusion term is negligible then for a steady incom-
pressible flow where �=0, we obtain from Eq. �2�:

� =
1

2
� � u . �11�
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Substituting this into Eq. �1� we see that the streaming ve-
locity is decoupled from the molecular rotation, that is, for
steady flows where the angular momentum diffusion is ne-
glected no coupling effect is present. Hansen et al. �16�
solved the problem for oscillatory flows where the coupling
effect persists. They proposed a dimensionless number to
estimate the coupling effect from the molecular rotation in
the absence of angular velocity gradients:

� =
��0

h
� �

�r
3�1/2

, �12�

where h is the radius of the tube and �0 and �r are the kine-
matic viscosities, i.e., �0=�0 /� and �r=�r /�. For �	1
�10−3 the flow rate is reduced by around 1% �16�. Further-

more, for oscillatory flows large coupling effects can then be
expected for frequencies around �c, Eq. �9�.

III. METHODOLOGY

The molecular model applied here includes pair interac-
tion, bond stretching, and bending. The potential energy for
the system thus reads

U = �
pairs

Up�rab� + �
bonds

Ub�rab� + �
angles

Ua��� , �13�

where rab is the distance between united atomic units �UAU�
a and b, and � is the angle between two chemical bonds
connected to the same UAU. Up is the pair potential given by
the truncated and shifted Lennard-Jones potential,

Up�rab� = 
4��� �

rab
�12

− � �

rab
�6� − Up�rc� if rab � rc and a � i,b � i

0 otherwise,
 �14�

where i represents molecule index; i.e., UAU a and b only
interact if they belong to different molecules. � is a length
scale and � is an energy scale. The critical cutoff, rc, is set to
2.5�. The bond stretching potential is given by a simple
spring potential:

Ub�rab� =
1

2
ks�rab − lb�2, �15�

where ks is the spring force constant and lb is the mean �or
equilibrium� bond length. Unless otherwise stated we shall
use lb=0.3526�. The spring force constant for a carbon-
carbon double bond is around 690 kcal mol−1 Å−2 �21�. In-
cluding such large forces into the molecular-dynamics simu-
lations will demand very small time steps possibly leaving
the method useless. However, when evaluating the transport
properties one needs only ensure that the bonds are suffi-
ciently stiff; see Refs. �22,23� and references therein. We will
here use ks=2�104��−2, which is around four times smaller
than the spring constant for the carbon-carbon double bond.
The bending potential used is that typically applied for al-
kanes �24,25�:

Ua��� =
1

2
k��cos��� − cos��0��2, �16�

where �0=� is the equilibrium bending angle for linear mol-
ecules and k�=1�104� is the bending constant.

One can express any mechanical quantity in terms of �, �
and mass m. In this way mass density is given as ��

=��3 /m, temperature is T�=kBT /�, time is t�= �� /m�2�1/2t,
pressure is p�= p�3 /�, and torque is �= /� and so forth
�26�. We shall apply these dimensionless units and drop the

asterisk all together in this and the following section. In Sec.
V we will return to normal physical units unless otherwise
stated.

Initially, the system is equilibrated to a desired atomic
temperature of Ta=4.25 using a Nosé-Hoover thermostat
�27,28�. After equilibration the thermostat is switched off and
the rest of the simulation is carried out in the NVE ensemble.
The choice of ensemble is a matter of convenience. The
equations of motion are integrated forward in time using the
leap-frog method �26� with time step of �t=0.001. It is im-
portant to note here that the molecular temperature Tm de-
fined as

Tm =
�pi

2/mi

�3Nmol − 3�kB
, �17�

where pi is the molecular center-of-mass peculiar momentum
and Nmol is the number of molecules, is the same as Ta due to
equipartition. We will here just use T for the temperature.

During each simulation the molecular pressure tensor, P,
and the couple tensor, Q, are calculated. On a microscopic
scale the pressure tensor �or momentum flux tensor� is given
by �29�

P�t� =
1

V��
i

pipi

mi
+ �

i
�
j�i

rijFij� , �18�

where V is the system volume and rij =ri−r j, where ri and r j
are the center of mass of molecule i and j, respectively. Fij is
the force acting between molecule i and j and is given by

VISCOUS PROPERTIES OF ISOTROPIC FLUIDS… PHYSICAL REVIEW E 80, 046322 �2009�

046322-3



Fij = �
a�i

�
b�j

Fab, �19�

where Fab is the force acting between UAU a in molecule i
and UAU b in molecule j. The couple tensor is written as
�19�

Q�t� =
1

V��i

pisi + �
i

�
j�i

rij�ij� . �20�

Here si is the angular momentum per unit mass of molecule
i and �ij is the torque on i due to j, i.e.,

si =
1

mi
�
a�i

maRai � va and �ij = �
a�i

�Rai � �
b�j

Fab� ,

�21�

where Rai=ra−ri. The tensors P and Q can be decomposed
into isotropic, traceless, symmetric, and antisymmetric parts,
i.e.,

P = pI + P
os

+ P
a

and Q = qI + Q
os

+ Q
a

, �22�

where p=tr�P� /3 and q=tr�Q� /3.
It can be shown that for k-dependent processes, e.g., dif-

fusive processes, the corresponding transport coefficient can
be found using the conventional Green-Kubo relation �4�.
For k-independent processes �or fast modes� the generalized
Langevin equation must be solved exactly �30,31�. From the
dispersion relation, Eq. �8�, we can identify the rotational
viscosity to be associated with a fast mode, namely, the in-
trinsic angular momentum relaxation. To this end, Evans and
Hanley �4� have shown that �r can be found from

C̃�r
�s� =

�rs

s + s2 + 4�r/��
, �23�

where  is a relaxation time and C̃�r
�s� is the Laplace trans-

form of the autocorrelation function of the antisymmetric
part of the pressure tensor,

C̃�r
�s� =

V

kBT
�

0

�

C�r
�t�e−stds , �24�

where

C�r
�t� = �P

a

���0�P
a

���t�� �25�

and �� denotes the xy, xz, or yz off-diagonal tensor element.

Since C̃�r
�s� can be found from the molecular-dynamics data

it is possible to make a best fit of Eq. �23� to C̃�r
�s�. We have

observed that both  and �r should be used as fitting param-
eters in order to obtain good results; i.e.,  is not given di-
rectly via Eq. �9�. The remaining transport coefficients in
Eqs. �4� and �5� can be found from the Green-Kubo relations
�19�:

kBT

V
�0 = �

0

�

�P
os

���0�P
os

���t��dt = �
0

�

C�0
�t�dt ,

kBT

V
�0 = �

0

�

�Q
os

���0�Q
os

���t��dt = �
0

�

C�0
�t�dt ,

kBT

V
�r = �

0

�

�Q
a

���0�Q
a

���t��dt = �
0

�

C�r
�t�dt . �26�

To improve the statistics, it is common to make averages
over all independent �� autocorrelation functions. However,
we here monitor each correlation function individually since
finite-size and anisotropy effects on the autocorrelation func-
tions may be averaged out by this procedure. The anisotropy
is, furthermore, quantified by the order parameter, s, which is
the largest eigenvalue of the order tensor:

S =
3

2Nmol
��

i

ûiûi −
1

3
I� . �27�

ûi is the unit vector parallel to the main molecular axis of
molecule i. For isotropic fluids s=0 whereas for �s�=1 the
molecules are perfectly aligned.

IV. MOLECULAR-DYNAMICS RESULTS

To our knowledge only Evans and Streett �19� have cal-
culated the spin viscosities using molecular-dynamics simu-
lations. In this work the authors simulated a molecular nitro-
gen fluid with mass density �=1.244 and Tm=2.10 giving a
pressure p	0 �in reduced units as mentioned earlier�. They
applied a slightly different molecular model where the bond
length was fixed at lb=0.3292 rather than allowing for bond
vibrations. In order to obtain the same zero pressure we have
here used �=1.065 and Tm=2.10. The normalized autocorre-
lation functions of C�0

�t�, C�r
�t�, C�0

�t�, and C�r
�t� are plot-

ted in Fig. 1. They are very similar to the correlation func-
tions calculated by Evans and Streett �their Figs. 2, 3, 5, and
6�. The corresponding viscosities are listed in Table I, where
we have compared the data from Evans et al. with our data.
It is seen that the shear and rotational viscosities are the same
within statistical error noting that our pressure is slightly

Time

N
or

m
al

iz
ed

ac
fs

0.50.40.30.20.1

1

0.8

0.6

0.4

0.2

0

-0.2

FIG. 1. �Color online� Normalized autocorrelation func-
tions �acfs� at short times for nitrogen where T=2.14�0.06 and
�=1.065: C�0

�t� �circles�, C�0
�t� �squares�, C�r

�t� �stars�, and
C�r

�t� �triangles�. C�0
�0�=73.8�1.8, C�0

�0�=0.80�0.02, C�r
�0�

=1.92�0.03, and C�r
�0�=1.28�0.02. Lines serve as a guide for

the eyes. Time is given in reduced units as discussed in the text.
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lower than zero. However, the spin viscosities have values
that are orders of magnitude different. This large discrepancy
is not likely to be a result of the different models nor the fact
that the thermodynamical properties are slightly different. It
would be most interesting to have one of these results inde-
pendently verified.

With this in mind, we now return to the study of the more
general fluids as described in Sec. III. To this end, we carry
out a series of simulations for different densities varying the
number of UAU, Ns, from 2 to 4 keeping the temperature
fixed at T	4.25 using system sizes of Nmol=864, 576, and
432, respectively. For lower temperatures the order param-
eter reveals that the system becomes anisotropic and for
smaller system sizes we have observed finite-size effects on
the autocorrelation functions for Ns=4. Figure 2 summarizes
the four viscosities as a function of density for the three
different molecular fluids investigated. For the shear viscos-
ity we have fitted the data to the stretched exponential func-
tion,

�0��� = Ae���
, �28�

using A, �, and � as fitting parameters. This functional form
for the density-dependent viscosity has also been success-
fully applied to atomic systems �32�. From Figs. 2�b�–2�d� it
is observed that �0, �r, and �r approximately follow a power
law in the density region studied here. Notice, however, that
for Ns=2 and Ns=3 the deviation from the power law is
systematic. We have not been able to find a functional form
that fitted the data better than a simple power function. It is
also interesting to note that the shear viscosity is larger for
small molecules, whereas the spin and rotational viscosities

increase with increasing Ns. The reason for this is due to the
fact that for constant mass density the average distance be-
tween UAU not belonging to the same molecule increases
for increasing Ns. This is also manifested in a decrease in
pressure as it can be seen in Table II. From Fig. 2 we also
observe that the spin viscosities do not change dramatically
for small density variations or equivalently small pressure
variations. This underlines what was mentioned earlier: the
small pressure difference between Evans and Streett’s simu-
lations and our simulations cannot explain the order of mag-
nitude difference observed in the spin viscosities.

The autocorrelation formalism provides a convenient way
of evaluating the frequency dependence of the transport co-
efficients. The complex shear viscosity, for example, is given
by the one-sided Fourier transform �20�:

ρ

η 0

a)

1.210.80.60.40.2

4

3

2

1

0

ρ

ζ 0

b)

10.2 0.5

0.1

0.01

0.001

ρ

η r

c)

10.2 0.5

0.1

0.01

0.001

ρ
ζ r

d)

10.2 0.5

0.1

0.01

0.001

FIG. 2. �Color online� �0, �0, �r, and �r as functions of mass density � for Ns=2 �squares�, 3 �triangles�, and 4 �circles�. Notice the double
logarithmic scales in �b�–�d�. In �a� the lines represent the best fits of the stretched exponential function to the data and for �b�–�d� power-law
fits. The quantities are given in reduced units as discussed in the text.

ω

N
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m
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ed
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p
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ts
of

η
,ζ

an
d

ζ r

1001010.1

1

0.8

0.6

0.4

0.2

0

FIG. 3. �Color online� �� �circles�, �� �squares�, and �r� �tri-
angles� as functions of � for Ns=4 and �=0.2. The functions have
been normalized with respect to their �=0 values. The frequency is
given in reduced units as discussed in the text.
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�̃��� = ����� + i����� =
V

kBT
�

0

�

�P
os

���0�P
os

���t��e−i�tdt ,

�29�

where ����� and ����� are the real and imaginary parts of
the viscosity, respectively. Note that ���0�=�0 and ���0�
=0. The one-sided Fourier transform can also be applied in

order to evaluate the complex spin viscosities �̃���=�����
+ i����� and �̃r���=�r����+ i�r����. This is, however, not the
case for the rotational viscosity since this coefficient cannot
be evaluated by the traditional Green-Kubo method as dis-
cussed above. We will therefore limit the study to investigate

�̃���, �̃���, and �r���. To remove the effect of the truncation
of the autocorrelation function, the data are smoothed with a
Hann window �33� to avoid spurious oscillations in the trans-
form as a result of the truncation. We stress that none of the
features discussed below are affected by this procedure. In
Fig. 3 we have plotted �����, �����, and �r���� as a function
of � where Ns=4 and �=0.2. It is seen that the viscoelastic
response of the fluid happens for ��0.3 and is first mani-
fested in the reduction of ��. The data have been compared
with the Maxwell model:

�̃��� =
�0

1 + i�M
, �30�

where M is the Maxwell relaxation time, but shows poor
agreement over the whole � range. It should be pointed out
that using the atomic formalism when evaluating the pres-
sure tensor may result in a different frequency dependence
for ��0 �34�. From Fig. 3 it is also observed that the real
part of the spin viscosities both have maxima at around �
=10, that is, there is an increased viscous response from the
molecular spin fluxes for Ns=4. This maximum disappears
for higher densities and is not present for the other fluids
studied here, i.e., where Ns=2 and Ns=3.

V. EFFECT OF MOLECULAR ROTATION ON VELOCITY
PROFILES FOR NANOFLOWS

For a fluid confined between two parallel walls that un-
dergoes a steady Poiseuille flow, the extended Navier-Stokes

equations are given by Eqs. �4� and �5� with the addition of
the production term in the equation for ux: �Fe. Assuming
strictly no-slip boundary conditions, i.e., ux��h�=0 and

z��h�=0 for all time and where h is the location of the
walls �i.e., the channel half width�, the solution is given by
�19,35�

ux�ȳ� = uc�1 − ȳ2 +
2�r coth�Kh�
��0 + �r�Kh

� cosh�Khȳ�
cosh�Kh�

− 1�� ,

�31�


z�ȳ� =
uc

h
�ȳ −

sinh�Khȳ�
sinh�Kh� � , �32�

where ȳ=y /h and

K = � 4�0�r

��0 + �r���0 + �r�
�1/2

and uc =
�Feh

2

2�0
. �33�

From Eq. �31� it can be seen that if the coupling between the
intrinsic angular and translational velocities is ignored Eq.
�31� reduces to the traditional solution:

ux
P�ȳ� = uc�1 − ȳ2� . �34�

This means that the relative effect, urel�ȳ�=ux�ȳ� /ux
P�ȳ�, is

given directly by

urel�ȳ� = 1 +
1

1 − ȳ2

2�r coth�Kh�
��0 + �r�Kh

� cosh�Khȳ�
cosh�Kh�

− 1�
�35�

for �ȳ�	1. From this expression it is seen that the relative
effect is not dependent on the external force field. Further-
more, since the second term on the right-hand side of Eq.
�35� is always negative, the rotation leads to a flow rate
reduction. In the following we will use �=3.8 Å, � /kB
=72 K, and m=13 to model alkenes, i.e., ethene or ethylene
�CH2=CH2�, propa-diene �CH2=C=CH2�, and buta-triene
�CH2=C=C=CH2�. urel�ȳ� is plotted for different densities
and Ns in Fig. 4 using the values of the transport coefficients
obtained in Sec. IV. It is observed that the effect of the rota-
tion is very high for large molecules and intermediate densi-

TABLE I. Comparison of data between Evans and Streett �19� �shear and spin viscosities�, Evans and Hanley �4� �rotational viscosity�,
and this work. The quantities are given in reduced units as discussed in the text.

� T p �0 �0 �r �r

Evans, Streett and Hanley 1.244 2.10�0.02 0.00�0.03 2.5�0.7 0.7�0.2 0.045�0.01 0.6�0.2

This work 1.065 2.14�0.06 −0.4�0.3 2.2�0.2 0.014�0.001 0.033�0.001 0.023�0.002

TABLE II. Isotropic pressure, p, for different densities and UAU per molecule, Ns. The pressure is given
in reduced units as discussed in the text.

�=0.5 �=1

Ns 2 3 4 2 3 4

p 0.9�0.2 0.4�0.1 0.08�0.3 4.9�0.6 0.9�0.3 −0.1�0.6
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ties. It is important to point out the fact that the effect is not
always monotonically increasing with respect to density due
to the product of the hyperbolic and cotangent functions. It is
also seen that the relative effect is largest near the wall. This
is due to the very large gradient in the molecular angular
velocity in this region, which can be seen from Eq. �32�. The
effect of the rotation on the flow rate can also be evaluated.
To this end we define the flow rates Q and QP as Q
=2�0

1ux�ȳ�dȳ and QP=2�0
1ux

P�ȳ�dȳ such that for h�0:

QP − Q

QP =
3�r�coth�Kh� − 1�

��0 + �r��Kh�2 . �36�

As depicted in Fig. 5, Eq. �36� is a decreasing function with
respect to h, that is, the flow rate difference increases as the
channel width decreases. For the values of the transport co-
efficients used in Fig. 5 the flow rate can be reduced by
around 10% for a slit pore with a width of 2 nm. Such highly
confined geometries can be found in flows through carbon
nanotubes �36� and the coupling between intrinsic angular
and linear velocities is, therefore, extremely relevant in such
cases. Figure 5 shows the maximum effect of the molecular
rotation for all fluids investigated here. The fact that there is
an effect is in agreement with the characteristic length, lc,
which is 0.50 nm for buta-triene at �=236.1 kg m−3.

The predicted flow rate reduction, Eq. �36�, can be com-
pared with direct nonequilibrium molecular-dynamics
�direct-NEMD� simulations. In such simulations large inho-

mogeneities are present at the wall fluid interface and also
the isotropic assumption is no longer justified �37�. These
problems can be overcome by comparing the velocity pro-
files away from the wall forcing the continuum solution to
satisfy boundary conditions specified by the direct-NEMD
data. Thus, ignoring the coupling the continuum problem is
formulated as �2ux

P /�y2=−�Fe / �2�0� subjected to the bound-
ary conditions ux

P��h��=u0 giving

ux
P�y� =

�Feh�2

2�0
�1 − ȳ2� + u0, �37�

where h� is a point in the channel sufficiently far away from
the walls and u0 is the corresponding streaming velocity at
that point found from the direct-NEMD simulations. The
NEMD method is described in detail elsewhere �15� and we
will not go into detail here, but note that the wall fluid inter-
actions are governed by the Weeks-Chandler-Andersen po-
tential �38�, to prevent excessive condensation of the fluid on
the wall surface. Figure 6 compares the simulation data with
Eq. �37� for a buta-triene fluid at �=196.7 kg m−3 and T
=306 K where the channel half width is around 2.25 nm.
h�=1.15 nm which is the point where the density is con-
stant. The flow reduction is 4.1% compared with the pre-
dicted 5.3%, Eq. �36�.

y (nm) y (nm)

u
re

l (
y
)

a)

3210-1-2-3

0.98

0.94

0.9

0.86

0.82

u
re

l (
y
)

b)

3210-1-2-3

1

0.96

0.92

0.88

0.84

FIG. 4. �Color online� Equation �35� plotted as a function y for different densities and Ns. �a� Buta-triene for �=78.7 kg m−3 �full line�,
�=236.1 kg m−3 �dotted line�, and �=472.1 kg m−3 �dashed line�. �b� Ethene �full line�, propa-diene �dotted line�, and buta-triene �dashed
line� for �=236.1 kg m−3.
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FIG. 5. �Color online� Flow rate difference as function of h for
buta-triene with �=236.1 kg m−3.
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FIG. 6. �Color online� Comparison of direct-NEMD data �tri-
angles� with Eq. �37� �full line� for a buta-triene fluid at �
=196.7 kg m−3 and T=306 K. h�=1.15 nm. Errors are given as
half the maximum difference of five runs. The velocity is given in
reduced units as discussed in the text.
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For liquid nitrogen undergoing a Poiseuille flow the val-
ues of the transport coefficients obtained by Evans et al.
predict that the flow rate is reduced by around 14% for a 2
nm channel. This can be compared with our prediction of a
0.65% flow rate reduction. As discussed above, our predic-
tions are close to the NEMD results indicating that the spin
viscosities are lower than what is given by Evans and Streett
giving a smaller, but nevertheless very important, effect of
the coupling.

According to Eq. �12� we can estimate the effect caused
by molecular moment of inertia for an oscillatory flow. For
buta-triene at �=314 kg m−3 confined between a 2-nm-wide
slit pore the frequency required to obtain a 1% flow rate
reduction is

��h�0
3/2

��r
	 9 GHz. �38�

Note that this is actually orders of magnitude smaller than
the characteristic frequency, �c, but it is well within the
purely viscous regime; see Fig. 3. Thus, the inertia effect is
small compared with the effect from angular momentum dif-
fusion when the channel is sufficiently small. We have sum-
marized the results for buta-triene for different densities
where h=1 nm and �=1�10−3 in Fig. 7.

VI. CONCLUSION

In this paper we presented equilibrium molecular-
dynamics results for the shear, rotational, and spin viscosities
for different linear molecular fluids. It was found that the
density dependence of the shear viscosity follows a stretched
exponential function, whereas the rotational and spin viscosi-
ties approximately follow a power law. For the shear and
rotational viscosities this is in agreement with earlier find-
ings �22�. The frequency-dependent shear and spin viscosi-
ties were also investigated via the one-sided Fourier trans-
form of the relevant autocorrelation functions. It was found
that viscoelastic behavior of the fluid is first manifested in
the shear viscosity. Interestingly, the real part of the spin
viscosities features a maximum for nonzero frequency for
low densities and Ns=4, thus, enhancing the viscous re-
sponse of the fluid in this region.

Using the calculated transport coefficients and thereby as-
suming isotropy and homogeneity the effect of the coupling
between the molecular rotation and linear momentum was
investigated for fluids in highly confined geometries. It was
shown that the flow rate is reduced significantly for suffi-
ciently small channel widths: for buta-triene as much as 10%
for a 2 nm channel which is obtainable with today’s nano-
technology �36�. The coupling effect decreases rapidly with
increasing channel width and the flow rate difference is less
than 1% for a 20-nm-wide channel. We also showed that for
an oscillatory flow extremely high frequencies are required if
any effect from the molecular rotational inertia is to be ob-
served. This effect may be significant for larger molecules.
Once again we stress that the results for the spin viscosities
were found to be one order of magnitude smaller than those
earlier by Evans and Streett �19�. As stated in Sec. IV it is
very important to have a third independent study confirming
one of these studies.

In must also be stressed that we have only investigated the
effect of the molecular rotation for isotropic fluids. At the
wall fluid interface it is well known that the molecules tend
to align with the wall �37�. For molecules with lengths com-
parable with the channel width geometric constraints may
likely influence the overall fluid dynamics. We have also
assumed that the system is homogeneous such that transport
coefficients are assumed to be constants. This assumption is
not strictly true since the density features large variations in
the wall fluid interface region; see, e.g., Ref. �39�. Interest-
ingly these large variations do not influence the fluid dy-
namical properties greatly as long as the channel width is
more than 6–7 molecular diameters �40�. Finally, the no-slip
boundary condition imposed on the extended Navier-Stokes
equations is not necessarily true, in that very large slippage
can occur in nanofluids �41�. No-slip boundary conditions
can be obtained by allowing strong attraction between the
wall atoms and fluid molecules compared with the fluid-fluid
interaction. Nevertheless, the effect of the coupling on the
velocity profile is independent of whether no-slip or slip
boundaries are used.

It is interesting that many research groups worldwide are
currently focusing on the breakdown of the no-slip boundary
condition for nanoflows. This phenomenon is believed to be
one of the mechanisms behind the enhanced flow through
carbon nanopores; see, e.g., Ref. �36�. However, as we have
shown in this paper the coupling between the intrinsic angu-
lar momentum and linear momentum has the opposite effect,
reducing the flow rate. Thus, in order to correctly predict the
flow rate through nanopores this potentially very large effect
must also be considered.
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